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Abstract. In this paper we consider a complete connected noncompact Rie- 
mannian manifold M with Ricci curvature bounded from below, positive injec- 
tivity radius and spectral gap b. We introduce a sequence X^{M), X'^(M), . . . 
of new Hardy spaces on M, the sequence Y^{M),Y'^{M), . . . of their dual 
spaces, and show that these spaces may be used to obtain endpoint estimates 
for purely imaginary powers of the Laplace-Beltrami operator and for more 
general spectral multipliers associated to the Laplace-Beltrami operator C 
on M. Under the additional condition that the volume of the geodesic balls of 
radius r is controlled by C e^^*" for some real number a and for all large r, 
we prove also an endpoint result for first order Riesz transforms V£~^/^. 

In particular, these results apply to Riemannian symmetric spaces of the 
noncompact type. 



1. Introduction 

The Riesz transform V(— A)~^/^ and the purely imaginary powers (—A)™, u 
in R, of the Laplacian A arc prototypes of singular integral operators on R". They 
are bounded on L^'(M") for all p in (l,oo), and unbounded on L^(R") and on 
i°°(R") |St2j . Classical results (see the seminal papers jHo|IFeS| ) state that singular 
integral operators satysfying the so called Hormander integral condition arc of weak 
type 1 and bounded from the Hardy space H^{W) to L^(R") and from i°°(R") 
to BA/0(R"). These resuhs apply, in particular, to V(-A)-i/2 a,nd (-A)™. One 
reason to choose (—A)™ as an example of singular integral operators is that it plays 
a fundamental role in the functional calculus for — A, for functions of the Laplacian 
may, at least formally, be reconstructed from (—A)™ via a subordination formula 
involving the Mellin transform (see the fundamental works jStll ICoj ). 

Now suppose that M is a Riemannian manifold with Riemannian measure /i, 
and denote by —C and V the associated Laplace-Beltrami operator and covariant 
derivative respectively. It is natural to speculate whether the analogues of the 
aforementioned results hold for the operators V£~^/^ and £™. The multiplier 
result for generators of semigroups proved in |Stl[ ICo| applies to £™ and gives the 
LP{M) boundedness of these operators for p in (l,oo). The LP{M) boundedness 
of V/:-i/2 for p in (1,2), and without additional assumptions on M, seems to be a 
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challenging problem, and it is the object ol a very active line of research (see, for 
instance, |CD| lACDH] and the references therein) . 

As far as cndpoint estimates for \l HT^I"^ and £™ are concerned, interesting 
resuhs have been obtained in the case where [i is doubhng and M satisfies some 
extra assumptions, such as appropriate on-diagonal estimate for the heat kernel 
[CDj . or scaled Poincare inequality jRui IMRul I AMR] . Note that when /i is doubling, 
M is a space of homogeneous type in the sense of Coifman and Weiss, and a well 
known theory of atomic Hardy spaces is available |CWj . 

In this paper we consider a complete connected noncompact Riemannian man- 
ifold M with Ricci curvature bounded from below, positive injectivity radius and 
strictly positive bottom h of the spectrum of £. It may be worth observing that 
under these assumptions the Riemannian measure is nondoubling and that the vol- 
ume of geodesic balls in M grow exponentially with the radius. Recall that for a 
Riemannian manifold satisfying the above assumptions there arc positive constants 
a, /3 and C such that 

(1.1) ii{B{v.r))<Cr''(?^'' Vre[l,oo) Vp G M, 

where iJ,(^B{p,r)^ denotes the Riemannian volume of the geodesic ball with centre 
p and radius r. Notable examples of such manifolds are nonamenablc connected 
unimodular Lie groups equipped with a left invariant Riemannian distance, and 
symmetric spaces of the noncompact type with the Killing metric. 

In this setting, weak type 1 estimates for V£^^/^ and are known only 
when M is a Riemannian symmetric space of the noncompact type |AH IA2| IT2| 

EllMYl. 

Manifolds satisfying the above assumptions fall into the class of measured metric 
spaces X considered in [CMMlj . where the authors, following up earlier works of 
A.D. lonescu [Tl] and of E. Russ |Ruj . defined an atomic Hardy space H^{X) and 
a space of functions of bounded mean oscillation BMO{X). Both H^{X) and 
BMO{X) are defined much as in the classical case of spaces of homogeneous type, 
the only difference being that atoms in the definition of H^{X) are supported in 
balls with radius at most 1, and that in the definition of BMO{X) averages are 
taken only on balls of radius at most 1. As a consequence, they proved that if T is 
bounded on L'^{X) and its kernel kj- satisfies the following local Hormander's type 
condition 

(1.2) sup sup / |fc7-(a;, y) — fc7-(a;, cb)| d/^(x) < oo, 

BeBi yeBj(2B)'= 

where Bi denotes the collection of all balls in X of radius at most 1, then T is 
bounded on LP{X) for all p in (1,2] and from the atomic Hardy space H^{X) to 
L\X). 

The starting point of our work is the perhaps surprising fact that when C is the 
Laplace-Beltrami operator associated to the Killing metric on Riemannian sym- 
metric spaces of the noncompact type the operators V£~^/^ and u ^ Q, are 
unbounded operators from H^{M) to L^{M). The proof of this fact hinges on 
quite delicate estimates of the inverse spherical Fourier transform of the associated 
multiplier, and will appear in |MMV2| . Note that, as a consequence, their Schwartz 
kernels k^iu and k^^-1/2 do not satisfy (jl.2|) . 

The purpose of this paper is to introduce a sequence X^{M), X'^{M), ... of new 
spaces of Hardy type on M, and the sequence Y^{M),Y'^{M), . . . of their dual 
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spaces, and show that these spaces may be used to obtain endpoint estimates for 
V£^^/^, and for more general spectral multipliers of C The space X^{Js,l) is 
defined as follows. Denote by the operator £ (/3^I + £)~^. It is straightforward 
to check that U^i is a bounded injective operator on L^{M) + L'^{M). Denote by 
X^{M) the range of the restriction of U^2 to H^{M), endowed with the norm 

\\f\\x>'^\\y^'f\\m. 

By definition, each arrow of the following commutative diagram is an isometric 
isomorphism of Banach spaces. 




X\M) X\M) X^iM) ••• 

Thus, X^{M) is an isometric copy of H^{M) for each positive integer k. Further- 
more, we shall prove (see Section [S|) that 

H^{M) D X^A/) D X^{M) D • • • , 

with proper inclusions. These spaces have nice interpolation properties; for each 
positive integer fc, and for every p in (1,2), L'p{M) is an interpolation space between 
X^{M) and L'^{M) by the complex method (see Section [2]). The main results of 
this paper are contained in Section |4l and justify, a posteriori, the introduction of 
the spaces X^{M). In particular. Theorem 14.31 states that if m is a holomorphic 
function in the strip S/j = {C G C : Im(C) G (— /?)} that satisfies 

(1.3) |i?^m(C)|<Cmax(|C' + /32|— Mcr^) VC G Vj e {0, 1, . . . , J}, 

for some nonnegative r and for a sufficiently large integer J, then m{^/ C — is 
bounded from H^{M) to L^{M) and from L°°{M) to BMO{M) in the case where 
h< P"^ and from X'=(M) to H^{M) and from BMO{M) to Y'^{M) in the case where 
h ~ 0^ and k > t + J. This provides, in the case where h = 0^ , endpoint estimates 
for operators of the form £™ (when r = 0), but also for "more singular operators", 
such as £™^'r (/ + cy ^ whose kernels have a comparatively slow decay at infinity. 
We shall call strongly singular all the multipliers satisfying ()1.3p . Strongly singular 
spectral multipliers were first introduced in |MVj . where the authors showed that 
they satisfy weak type 1 estimates when M is a Riemannian noncompact symmetric 
spaces. We remark that the methods of jMV| hinge on quite precise estimates of the 
kernel of these operators, obtained by using the inversion formula for the spherical 
Fourier transform. Weak type 1 estimates for such operators seem out of reach in 
the more general setting of this paper. Note that strongly singular multipliers may 
have a rather singular behaviour near the points ±i/3, and still satisfy an endpoint 
result for p = 1. We emphasise that this is in sharp constrast with the Euclidean 
case, where such a phenomenon cannot occur. 

We give applications also to first order Ricsz transforms. It follows from work 
of T. Coulhon and X.T. Duong [CD] that, in our setting, the first order Riesz 
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transform \I Ct^I"^ is bounded on LPiKl) for all -p in (1,2] and that the translated 
Riesz transform V(I + £)~^/^ is of weak type 1. Russ complemented this result by 
showing that V(I + £)~^/^ maps H^{M) into L^{M). Observe that if we consider 
the part off the diagonal of the kernel of V(I + then the corresponding 

integral operator is bounded on L^{M). This is no longer true for the kernel of 
the Riesz transform V£~"'^/^, which decays much slower at infinity. Despite this, 
we prove that if 6 = /3^, then V£~^/^ is bounded from X'^(A/) to L^{M) for large 
k. Applications of these spaces to higher order Riesz transforms associated to the 
Laplace-Beltrami operator on noncompact symmetric spaces and to multipliers for 
the spherical Fourier transform will be considered in a forthcoming paper |MMV2j . 

The space X''{M) admits an interesting characterisation in terms of atoms in 
H^{M) that satisfy infinitely many cancellation conditions. Its proof, which is 
rather long, is deferred to a forthcoming paper jMMV3| . 

We now briefly outline the content of the paper. In the next section we define the 
new Hardy spaces X'^(M) and their duals Y'^{M) in the fairly general framework of 
the measured metric spaces considered in |CMM1] and show that they have natural 
interpolation properties. In Section [3] we specialise to Riemannian manifolds with 
Ricci curvature bounded from below, positive injectivity radius and strictly positive 
bottom of the spectrum and we prove some further properties of the new Hardy 
spaces in this setting. We also state a theorem on the boundedness on H^{M) 
of functions of the Laplacian (Theorem 13. 4p . which is of independent interest and 
plays a crucial role in the proof of the main results of this paper. The proof of this 
theorem is deferred to Section [5l The main results of the paper, i.e. the endpoint 
estimates for strongly singular multipliers and for the Riesz transform are stated 
and proved in Section |4l 

We will use the "variable constant convention" , and denote by C, possibly with 
sub- or superscripts, a constant that may vary from place to place and may depend 
on any factor quantified (implicitly or explicitly) before its occurrence, but not on 
factors quantified afterwards. If T is a bounded linear operator from the Banach 
space A to the Banach space B, we shall denote by |||T|||^.^ its norm, li A = B 
we shall simply write |||7~|||^ instead of 



2. New Hardy spaces on metric spaces and interpolation 

Suppose that (M, d, jj) is a measured metric space, and denote by B the family 
of all balls on M . We assume that fJ.{M) > and that every ball has finite measure. 
For each U in S we denote by cb and the centre and the radius of B respectively. 
Furthermore, we denote by cB the ball with centre cb and radius crs- For each 
scale parameter s in R"^, we denote by Bs the family of all balls B in B such that 
rs < s. 

Basic assumptions 2.1. We assume throughout that M is unbounded and pos- 
sesses the following properties: 

(i) local doubling property (LD): for every s in there exists a constant Ds 
such that 



(2.1) 



^l{2B) <Dsti{B) VBeBs; 
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(ii) isoperimetric property (I): there exist kq and C in such that for every 
bounded open set A 

^i(^{x e A : dix^A") < k}) > CK^i{A) Vk e (0,ko]; 

(iii) approximate midpoint property (AM): there exist Rq in [0, oo) and 7 in 
(1/2, 1) such that for every pair of points x and y in Af with d{x, y) > Rq 
there exists a point z in M such that d{x,z) < jd{x,y) and d{y,z) < 
ld{x,y)] 

(iv) there is a semigroup of linear operators {"H*} acting on L^(M) + L'^(M) 
such that 

(a) the restriction of {"H*} to i^(Af) is a strongly continuous semigroup 
of contractions; 

(b) the restriction of {H*} to L'^{M) is strongly continuous, and has spec- 
tral gap 6 > 0, i.e. 

||hV||2<c-^'||/||2 yfeL^M) yteR+; 

(c) {"H*} is ultracontractive, i.e. for every t in the operator maps 

into L°°{M). 

Remark 2.2. Assumption (ii) forces fJ,{M) ~ 00. In fact, it forces M to have 
exponential volume growth (see jCMMli Proposition 2.5 (i)] for details). 

Remark 2.3. Assumption (iv) has the following straightforward consequences: 

(i) {H*} is a strongly continuous semigroup of contractions on L^{M)+L'^{M); 

(ii) since for each p in [1,2] the space U'{M) is continuously embedded in 
L^{M) + L'^{M), we may consider the restriction Hp of the operator "H* 
to LP{M). Then {Hp} is strongly continuous on LP{M), and satisfies the 
estimate 

(2.2) ||H*/||p<e-2f(i-i/p)*||/||p \/feLP{AI) VteR+; 

(iii) by (iv) (a) and (iv) (c) above, for each t in R+ the operator H* maps L^{M) 
into L^{M)r\L'^{M). Hence maps ^^(A/) into LP{M) for each p in [1, 2]. 

Denote by —Q the infinitesimal generator of {H*} on L^(A/)+i^(Af). Since {"H*} 
is contractive on L^{M) + L'^{M), the spectrum of is contained in the right half 
plane. Then, for every a in we may consider the resolvent operator {aT + Q)~^ 
of {H*}, that we denote by TZ^- We denote by TZa,p the restriction of 7?,o- to LP{M), 
and by —Gp the generator of {Hp}. Obviously TZa^p is the resolvent of {Hp} and 
—Gp is the restriction of —G to Dom(fjp), which coincides with TZa{LP{M)y 

For every a in R+ denote by the operator ^T^^,. Observe that 

so that is bounded on L^{M) + L'^{M), and its restriction Ucr,p to LP{M) is 
bounded on L'p{M) for every p e [1,2]. Moreover and commute for every t 
in R+. 

Proposition 2.4. For each positive integer k the following hold: 

(i) if p is in (1,2], then the operator ^ is an isomorphism of LP{AI); 

(ii) the operator Uj^ is infective on L^{M) + L'^{M). 
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Proof. First we prove (i). Clearly, it suffices to show that Ucr,p is an isomorphism 
of LP{M). By ()2.2p the bottom of the spectrum of Qp is positive. Thus Q^^ and 
a +X a-re bounded. Since U^^ = Q~^{al + Qp) and Q~'^{(jI + Gp) = cr C?^;^ +1, 
(i) is proved. 

Next we prove (ii). It suffices to prove the result in the case where fc = 1, since 
the general case follows by induction. Suppose that / is a function in L^(M) + 
L^{M) such that U„f ^ 0. Then U^{H*f) = H*{U^f) = for ah t in R+. By 
the ultracontractivity of H*, and the fact that the restriction of "H* to L^(M) is 
bounded on L^{M), the function H*f is in L^{M) for ah i in R+. Thus [V.* f) = 
^cr,2('H*/) = 0. Hence "H*/ = 0, because Ua.2 is an isomorphism. Since {"H*} 
is strongly continuous on L^{M) + L'^{M) by Remark 12.31 (i), "H*/ tends to / in 
L^{M) + L'^{M) as t tends to 0, and (ii) follows. □ 

We recall the definitions of the atomic Hardy space H^{M) and its dual space 
BMO{M) given in jCMMlj . 

Definition 2.5. An H^-atom a is a function in L^{M) supported in a ball B with 
the following properties: 

(i) /^ad^ = 0; 

(ii) II«I|2<MS)-'/'- 

Definition 2.6. Suppose that s is in R+. The Hardy space Hl{M) is the space of 
all functions g in L^{M) that admit a decomposition of the form 

oo 

(2.3) g = ^Afcafc, 

fc=i 

where is a iJ^-atom supported in a hall B of Bg, and X^fc^i l-^fcl < The norm 
of g is the infimum of X^fcLi I'^fcl over all decompositions (|2.3p of f/. 

The vector space Hl{M) is independent of s in (i?o/(l ~ 7)700), where i?o and 7 
are as in Basic assumptions 12.11 fiii) (see [CMMll Proposition 5.1]). Furthermore, 
given si and S2 in (i?o/(l ^ 7)jOo)i the norms ||-||^fi and ||-||^fi are equivalent. 

Notation. We shall denote the space Hl{M) simply by H^{M), and we endow 
H^{M) with the norm Hl^{M), where sq = inax(i?o/(l — 7), l). We note exphcitly 
that if i?o = 0, then sq = 1- 

The Banach dual oiH^{M) is isomorphic jCMMll Thm 5.1] to the space BMO{M), 
which we now define. 

Definition 2.7. The space BMO{M) is the space of all locally integrable func- 
tions / such that N{f) < 00, where 

iV(/)= sup / l/-/sld/x, 

and Jb denotes the average of / over B. We endow BMO{M) with the "norm" 

WfWBAIO^Nif). 
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Remark 2.8. It is straightforward to check that / is in BMO{M) if and only if its 
sharp maximal function defined by 

P{x) = sup -L- / 1/ - fs\dfi Va- e M, 

is in L°°{M). Here Sso(x-) denotes the family of all balls in Bso that contain the 
point X. 

In the last part of this section we define the new spaces X^{M) of Hardy type 
and their dual spaces Y^{M), and prove an interpolation result, which is relevant 
for later developments. 

Definition 2.9. For each positive integer k and for each a in M+ we denote by 
X^{M) the Banach space of all L'^{M) functions / such that U~''f is in H^{M), 
endowed with the norm 

Note that U^'' is, by definition, an isometric isomorphism between X^{AI) and 
H^{M). In Section 131 we shall see that Xl^{M) may be characterised as the image 
of H^{M) under a wide class of maps . 

Remark 2.10. Note that the space X^{M) is continuously included in L^{M). 
Indeed, suppose that / is in X^{M). Then 

~ lll^o- III 1 ll/llx'' ' 

as required. Note that the last inequality is a consequence of the fact that H^{M) 
is continuously included in i^(Af). 

Definition 2.11. For each positive integer k, and for each a in we denote by 
Y^{M) the Banach dual of Xl;{M). 

Remark 2.12. Since U~'' is an isometric isomorphism between X^{M) and H^{M), 
its adjoint map (U^'^Y is an isometric isomorphism between BMO{M) and (M) . 
Hence 

II i^a'') /||yfc = ||/||bA/0- 

Given a compatible couple of Banach spaces Xq and Xi we denote by (Xq, Xi)[g] 
its complex interpolation space, also denoted by Xg. 

Proposition 2.13. Suppose that {X^,X^) and {Y^,Y^) are interpolation pairs 
of Banach spaces. Suppose further that T is a bounded linear map from + 
X^ to r° + such that the restrictions T : X" ^ Y° and T : X'^ ^ Y^ 
are isomorphisms. Then for every 6 in (0, 1) the restriction T : Xg — > Yg is an 
isomorphism. 

Proof. For every 9 in [0,1] denote by Tg the restriction of T to Xg. Define S : 
^0 + ^1 ^ -'^0 + ^1 by setting 

S{yo + yi) = V^yo + Tf 

It is straightforward to check that the operator S is well defined, bounded and linear. 
Moreover ST is the identity on Xq + Xi and TS is the identity on Yq + Yi . Thus 
S = T~^. Hence Sg = 7^~^. Finally, Sg : Yg ^ Xg is bounded by interpolation. 
This concludes the proof of the proposition. □ 
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Theorem 2.14. Suppose that a is in , k is a positive integer, and 9 is in (0, 1). 

The following hold: 

(i) ifl/p= 1-0/2, then (X^(Af), L^^^)) = LP{M) with equivalent norms; 

(ii) if 1/q = (1 - e)/2, then {L^{M),Y^{AI)) = L9(M) with equivalent 
norms. 

Proof. To prove (i), wc first observe that Uj} is an isomorphism oi H^{M) +L'^{M) 
onto + L'^{M). Then we may apply Proposition 12.131 with in place of 

r, X" ^ H\M), Y° = X^(M), = L^{M) = Y^. By jCMMll Thm 7.4] 

By Proposition 12.131 the restriction of Uj^ to L^'{M) is an isomorphism between 
LP{M) and (X^(Af ), ^^(m)) . But the restriction of to LP{M) is just U^p, 

which is an isomorphism of LP{M) by Proposition 12.41 Hence (X^(M), L^(M)) 
and LP{M) are isomorphic Banach spaces, as required. 

Now (ii) follows from (i) by the duality theorem. □ 

3. New Hardy spaces on manifolds 

Suppose that M is a connected n-dimensional Riemannian manifold of infinite 
volume with Riemannian measure ^. 

Basic assumptions 3.1. We make the following assumptions on M: 

(i) b > 0; 

(ii) Ric > —K^ for some positive k and the injectivity radius is positive. 

Remark 3.2. It is well known that manifolds with properties (i)-(ii) above satisfy 
the uniform ball size condition, i.e., 

inf {fj,[B{p,r)) : p e M} > and sup {^(i?(p, r)) : p e A/} < oo. 

See, for instance, jCMPj . where complete references are given. 

Note that manifolds satisfying the assumptions above also satisfy the Basic as- 
sumptions 12.11 Indeed, every length metric space satisfies the approximate mid- 
point property (AM), and, by standard comparison theorems |Ch[ Thm 3.10], the 
measure ^ is locally doubling. Furthermore, it is known |CMM1[ Section 8] that for 
manifolds with Ricci curvature bounded from below the assumption 6 > is equiv- 
alent to the isoperimetric property (I). Finally, the heat semigroup {H*} possesses 
the properties (iv) (a)~(c) of the Basic Assumptions 12.11 |Grj . 

In this section we complement the theory developed in Section [2] by proving 
that the spaces X^(Af) and Y^{M), in fact, do not depend on a as long as tr > 
0^ — b (see Theorem 13. 5p . Our main tool for proving this is a H^{M) boundedness 
result, of independent interest, for functions of the Laplace-Beltrami operator on M 
fTheorem l3.4[) . which will also play an important role in the proof of Theorem l4.3l 

Recall that — £, b and /? denote the Laplace-Beltrami operator on M, the bottom 
of the L^{M) spectrum of £, and the exponential rate of growth of the volume of 
geodesic balls (see (jLip ) respectively. By a result of Brooks jBrj h < 0^ . Further, 
denote by (5 a nonnegative number such that the following ultracontractive estimate 
[Grl Section 7.5] holds 

(3.1) |||7^*|||^.2 < Ce-''*t-"/4(l-t-i)"/4-''/2 Vie]R+. 
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First we define an appropriate function space of holomorpliic functions which will 
be needed in the statement of Theorem 13.41 

Definition 3.3. Suppose that J is a positive integer and that W is in M+. Denote 
by Sw the strip {C S C : Im(C) S {-W, W)} and by H°°{Sw; J) the vector space 
of all bounded even holomorphic functions / in Sw for which there exists a positive 
constant C such that 

(3.2) \D^f{0\<C{l + \C\r^ VCgSm,- Vj e {0,1,...,J}. 

We denote by ||/||sw;j the infimum of all constants C for which (|3.2p holds. 

Notation. For the sake of notational simplicity, we denote by V the operator 

Theorem 3.4. Assume that a and (3 are as in lll.l]) . and S as in iS.l]) . Denote by N 
the integer [n/2+l]+l. Suppose that J is an integer > max{N+2+a/2-d,N+l/2). 
Then there exists a constant C such that 

WmmU^ <C\\m\\s,,j VmeH^{Sp;j). 

We emphasise that the width of the strip in Theorem 13.41 is best possible as the 
case of symmetric spaces of the noncompact type shows jCS| . Note that if M is a 
symmetric space of the noncompact type with rank r and denotes the semigroup 
associated to the Killing metric, then 6 is equal to the sum of r/2 and the cardinality 
of the positive indivisible restricted roots jCGM| Thm 3.2 (iii)], and a = {r — l)/2. 
Thus, in this case, we need only to assume J > iV + 1/2 in Thcorcm l3.4l Our result 
may be compared with |T2| Corollary B.3], where the author proved, under much 
stronger curvature assumptions on M, that if m is in the symbol class 5^2, then 
m(I?) maps the Goldberg type space 1)^{M) to L^{M) and L°°{M) into bmo(M). 

The proof of Theorem 13.41 is fairly technical and will be given in Section [5] An 
important consequence of Theorem 13.41 is that, for fixed k, the spaces Xl^{M) do 
not depend on the parameter cr, as a varies in (/3^ — 5, oo). 

Theorem 3.5. The following hold: 

(i) if (Ji and Oi are in — oo), then Xl^^{M) and Xl^^{M) agree as vector 
spaces, and their norms are equivalent; 

(ii) if a is in (/^^ - &, oo), then H^{M) D Xl{M) D Xl{M) D ■■■ with contin- 
uous inclusions; 

(iii) the inclusions in (ii) are proper. 

Proof. First we prove (i). Consider the operator T^^.o-a, defined on L'^{M) by 

Since both W^i and are isomorphisms on L'^{M), so are Tai,cr2 and T~^^^^. 
Observe that the operators Tai,a2 and Ti^^\^ are bounded on H^{M). Indeed, 

Ta,,a2 = {<JiI + C) {a2l + C)-^ = {<j,-a2){a2l + C)-^ +1. 

Hence the boundedness of Tai.a2 on H^{M) is equivalent to that of ((72 T+C)^^. To 
prove that {<T2 I+C)^^ is bounded on (M), it suffices to check that the associated 
spectral multiplier ( (cr + 6 + C^)~^ satisfies the hypotheses of Theorem 13.41 We 
omit the details of this calculation. A similar argument shows that 7^" bounded 
on iJi(M). 
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Thus, TaiM2 is an isomorphism of H^{M). Since Ua-T^Ta-i, 172^^2^ = ^1 the identity 
is an isomorphism between X^_^ (M) and X^^ (M), as required to conclude the proof 
of (i) in the case where fc = 1. The proof in the case where A: > 2 is similar, and is 
omitted. 

Note that (i) is equivalent to the boundedness oi Ug- on H^{M). Since U„ = 
X — a {al + C)^^ , it suffices to prove that the resolvent operator [al + is 
bounded on H^{M). This has already been done in the proof of (i), and (ii) follows. 

Finally we prove (iii) . Choose a function ip in (M) with nonvanishing integral. 
Observe that is a multiple of a _ff^-atom, hence it is in H^{M). 
We shall prove that 

is in X^{M) \ X^^^{M). Indeed, on the one hand 

which again is a multiple of an i/^-atom, hence is in H^{M). On the other hand 

^-(fc+i)(^fe+i^) = {aI + C)''+\4'), 

which may be written as a linear combination of "0 and of terms of the form ip 
with j in {1, . . . , fc + 1}. Therefore the integral of Z-Zo- (^C'^+^ip^ does not vanish, 
hence it is not in H-^{M) and C'^^'^ip is not in as required. □ 

Definition 3.6. Suppose that fc is a positive integer. The space X^2{M) will be 
denoted simply by X''(M). 

By Theorem l3.51 for any a in — b, 00) and each positive integer k we have that 
X''{AI) = X^(M) as vector spaces, and their norms are equivalent. 

Remark 3.7. The space X''{M) may be characterised as the image of H^{M) under 
a wider class of maps. This is done in |MMV41 Subection 4.6]. We briefly describe 
the result. 

For each positive e there exists a function 77 in Cc(R) such that the only zeroes 
of 1 — ^ in S^+e arc the points ±i\/b (here rf denotes the Fourier transform of 77). 
Suppose that fc is a positive integer. Denote by Vrj the operator I — rjiV). The 
following hold: 

(i) the map is injective on L^{M)] 

(ii) V^^H^{M) = X^{M) as vector spaces, and the norm on X^{M), defined by 

is equivalent to the norm of X^{M). 

4. Main results 

In this section we state and prove boundedness results for strongly singular spec- 
tral multipliers and first order Riesz transform associated to the Laplace-Beltrami 
operator on complete connected Riemannian manifolds M satisfying the Basic as- 
sumptions 13.11 

We recall that in Definition [231 we introduced the space 7J°°(Siv; J) of functions 
that are holomorphic and bounded, together with their derivatives up to the order 
J, in the strip Svy, and satisfy a Mihlin-type condition at infinity. Here, to deal 
with a wider class of operators, we define a larger space of functions that may be 
singular also at the points ±iW . 
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Definition 4.1. Suppose that J is a positive integer, that t is in [0,oo), and 
that W is in R+. The space H{Sw', J, t) is the vector space of all holomorphic even 
functions / in the strip Sw for which there exists a positive constant C such that 

(4.1) \D^f{C)\<C max{\e + WX^~^,\Cr^) VCeSw Vj e {0, 1, . . . , J}. 

We denote by ||/|js»-;,/.r the infimuni of all constants C for which (|4.ip holds. 

Note that, for each fixed j, the right-hand side of (|4.1[) is infinite of order ~t — j at 
±iW , and vanishes of order j at infinity. Thus, if r = 0, and / is in H(Sw', J,t), 
then / satisfies Mihlin-type conditions both near the points ±iW and at infinity. 
In particular, the derivatives of / may be unbounded in any neighbourhood of iW , 
and of —iW. Finally, if t is in R+, and / is in H{Sw] J,t), then both / and its 
derivatives up to the order J may be unbounded in any neighbourhood of iW , and 
of ~iW. 

Remark 4.2. An interesting example of a function in H{Sp; J,t) is 

where r is in [0,oo). Note that ii b = (3'^, then m{V) = £-™-^ (£ +iy. It is 
worth observing that there are no endpoint results at p = 1 for this operator in the 
literature when r > 1. In the case where M is a symmetric space of the noncompact 
type, it is known |A1[ lAJl IMV| that m{T>) is of weak type 1 if and only if r < 1, 
but the proof of this fact uses the spherical Fourier transform and very specific 
information on the structure of the symmetric space, and it is hardly extendable. 

Theorem 4.3. Assume that a and j3 are as in lil.l]) . and 5 as in Ii3.1\) . Suppose 
that T is in [0, oo), that J and k are integers, with k > t + J and J > max (A^-|- 2 + 
a/2 — S, N + 1/2), where N denotes the integer [n/2 + 1] + 1. The following hold: 

(i) if b < 13'^ , then there exists a constant C such that 

\lmiV)\lHi;L^ < C||m||s,^,,. Vme 7J(S^; J,r) 

and 

|||m(2?)*|||i^;BA/o < C||m||s,,,,, Vm e i7(S^; J, r), 

where m{'DY denotes the transpose operator of m{T>); 

(ii) if b ~ (3'^ , then there exists a constant C such that 

\\m{V)\\x>';m<C\\m\\s,.„,^^ ymeH{Sp;J,T) 

and 

lll"t(2?)*|||i3A/0:yfc < C'll"^lls^.,,,, Vm e H{Si3;J,t), 
where m{'Dy denotes the transpose operator of m{T>). 

Proof. First we prove (i). Consider the map lA, defined by 
U= [C+{I3'' -b)i\ (/J^I + £)-!. 

Observe that U = I — b{0^1 + C)^^ extends to a bounded operator on L^{M), 
because the L^(A/)-spectrum of C is contained in the right half-plane. Similarly, 
the operator X + b [{0^ — b)X + C]^^ extends to a bounded operator on L^{M)\ it 
is straightforward to check that this operator is the inverse oiU on L'^{M). Thus, 
U is an isomorphism of X^(M), and so is . 
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Consequently, m{T)) is bounded from H^{M) to L'^{M) if and only if U'^miT)) 
is bounded from H^{M) to L^(M). Observe that U''m{'D) = UkCD), where 

"^-(0 - i^f^) -(c). 

It is straightforward to check that there exists a constant C such that 

\D^Uk{C)\<C\\m\\s,,j,r{l + K\y' VCeS^ V?e{0,l,...,J}. 

Here we use the fact that k > t + J. Thus, UkiT)) is bounded on H^{M) by 
Theorem 13.41 hence from H^{M) to L^{M), as required to prove the first estimate. 
The second follows from the first by a duality argument. 

Next we prove (ii). Observe that m(V) = m{V)Up2Up2 ■ Since is an 
isometric isomorphism between X'^{M) and H^{M), to prove that to(2?) is bounded 
from X'^{M) to H^{M) it suffices to show that the operator m{T>)U^2 extends to 
a bounded operator on H^{M). Note that m{'D)U^2 = Vk{1^), where 

It is straightforward to check that there exists a constant C such that 

|^^'«;c(C)l<C||m||s,;j,.(l + |CI)"' VCeS^ Vje{0,l,...,J}. 

Here we use the fact that k > t + J. Thus, Wfe(I?) is bounded on H^{M) by 
Theorem 13.41 as required to prove the first estimate. The second follows from the 
first by a duality argument. 

The proof of the theorem is complete. □ 

Remark 4.4. Assume that M has C°° bounded geometry. By proceeding as in the 
proof of Theorem 113] and using ICMMl) Thm 10.2] instead Theorem [Ql we may 
prove Theorem 14.31 (i) with J > max(Q; + 1, 7i/2 + 1) in place of J > max (^N + 2 + 
a/2 - S,N +1/2). 

Corollary 4.5. Suppose that M is a symmetric space of the noncompact type and 
that —C is the Laplace- Beltrami operator with respect to the Killing metric. If 
k>n/2 + 3, then is bounded from X^[M) to H^{M). 

Proof. Indeed, it is well known that a = (r — l)/2, where r is the rank of the 
symmetric space, and 6 = v + r/2, where v denotes the cardinality of the indivisible 
positive restricted roots. Notice that 3/2 + a/2 — 6 < 0, so that the hypotheses 
of Theorem 14.31 are satisfied whenever J > n/2 + 2 and k > J, and the required 
conclusion follows. □ 

We conclude this section with the following endpoint result for the first order 
Riesz transform. Our method hinges on the fact that if 6 = and k is large 
enough, then the operator C'' {fPl+ C)^^ is bounded on H^{M) by Theorem l3.41 

Theorem 4.6. Assume that a and /? are as in hl.l]) . and 6 as in iS.l]) . Suppose 
that b = 0^ and that k is an integer > max (iV + 2 + a/2 — 6, N + 1/2), where N 
denotes the integer [n/2 + 1] + 1. Then the first order Riesz transform V£~^/^ is 
bounded from X''{M) to L\M). 
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Proof. Since C'' {fPl + C) ^ is an isometry between H^{M) and X''{M), it suffices 
to prove that VC'"-^/'^ (p'^I + C)''' is bounded from H^{M) to L^{M). Observe 
that 

The right hand side is the composition of the operators £'^-1/2 {^p'^X + Cf-I'^^^ ^ 
which is bounded on H^{AI) by Theorem l3.41 and of the translated Riesz transform 
V(/32l + which is bounded from H\M) to L\M) by [En]. The required 

result follows. □ 

5. Operators bounded on H^{M) 

This section is devoted to the proof of Theorem 3.5 and is divided in the fol- 
lowing subsections: Subsection 15.11 which contains few preliminary results in one 
dimensional Fourier analysis; Subsection [521 where we explain the role of the wave 
propagator in the decomposition into atoms of the image Ta of an iJ-'^-atom a by 
an operator T; Subsection [531 where we prove an economical decomposition of H^- 
atoms with "big" support into iJ^-atoms with support in balls in Bi, Subsection l5.4[ 
where we prove Theorem 13.41 



5.1. Some lemmata. This subsection contains a few technical lemmata concern- 
ing one-dimensional Fourier analysis. Some related material may be found in 
jMMVH Subsection 2.3], which we shall sometimes refer to, for a discussion of 
the motivations behind this rather technical development. 
For every / in L^(R) define its Fourier transform / by 

/CJO 
/(s) e-'"* As yt e M. 
-00 

Suppose that / is a function on R, and that A is in M+. We denote by and fx 
the A-dilates of /, defined by 

(5.1) f\x) = f{Xx) and fx{x)^\-^f{x/X) VxER. 

For each ly > —1/2, denote by J'^ : M \ {0} C the modified Bessel function of 
order v, defined by 

where denotes the standard Bessel function of the first kind and order i/ (see, 
for instance, [Ll formula (5.10.2), p. 114] for the definition). Recall that 

^ / X /2" , , ^ . X /2" sini 

J-i/2(t) ^ y - cosi and that Ji/2(t) = y - 

For each positive integer we denote by the differential operator on the 

real line. 

Lemma 5.1. For every positive integer k there exists a polynomial Pk+i of degree 
k + 1 without constant term, such that 



(5.2) / fit) coa{vt)dt^ Pk+iiO)fit)Jk+i/2itv)dt, 

J —oc J — oc 

for all functions f such that O^f E L\R) Co(R) for all £ in {0,1, k + 1}. 



14 



G. MAUCERI, S. MEDA AND M. VALLARINO 



Proof. The proof uses the definition and some properties of the generahsed Riesz 
means Rd,z, introduced in jCM| Section 1]. We refer the reader to |MMVH Sec- 
tion 2] for all the prerequisites needed here. In particular, recall that i?3+2fc,o = 
i?3+2fe,-fc-R3,fc by |MMV11 Lemma 2.3 (i)]. Now, by integrating by parts and using 
|MMV11 Lemma 2.3 (i) and (ii)], 

f{t) cos(wi) dt^- f Of{t) ^^^^ dt 

/oo 
^Of{t) (i?3+2;c,0Jv2)(t) dt 

/OO 

for all V in M. Furthermore, the definitions of Rs^k and of i7i/2 find an integration 
by parts show that 



(i?3.fc^i/2) (") = ^ ^ (1 - sjl si^M 

(1 - s"^ f cos(sw) ds 



TT r(fc + 1) Jo 

By [MMVll Lemma 2.4 (i)] there exist constants ce such that Rl+2k,-k{^l)~ 
Y!l=oCiO'^+^f, so that 

/OO ^ poo 

f{t)cos{vt)dt = Y,c'e / 0'{0f){t)Jk+,f2{tv)dt, 
'OO n ^ J —OO 



1=0 

^k 



and the required formula, with Pk+i{s) ~ X^fco ''f follows. □ 

Remark 5.2. We shall denote by Pk+i{0)* the formal adjoint of the operator 
Pk+i{0), i.e. the operator defined by 

/•oo 

f{t)Pk+i{Org{t)dt= Pk+i{0)f{t)g{t)dt V/,.9GC,°°(M). 



Note that Pk+i{0)* is still a polynomial of degree fc + 1 in O and that 
Pk+i{0)*Jk+i,2{vt) ^ cos{vt), by dOl). 

Denote by w an even function in C^(M) which is supported in [—3/4,3/4], is 
equal to 1 in [—1/4, 1/4], and satisfies 

^a;(t-j) = l VieM. 

Denote by the function w^/'* — w, where oj^/'* denotes the 1/4-dilate of uj. Then 
is smooth, even and vanishes in the complement of the set {t £ M : 1/4 < |t| < 4}. 
For a fixed R in (0, 1] and for each positive integer i, denote by Ei the set {i e M : 
< \t\ < 4'+^R}. Clearly 0i/(4'fl) supported in E^, and Xi^li ^^/^^'-^^ = 1 
in M \ {—R,R). Denote by d the integer [log4(3/i?)] + 1. To avoid cumbersome 
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notation, we write pi instead of l/(4*i?). Then 



d 



(5.3) w"" + ^ 0"' = 1 on [-3,3]. 

1=1 

Definition 5.3. Wc say that a function g : R — > C satisfies a Mihlin condition }Ho| 
of order J at infinity on the real hne if there exists a constant C such that 

(5.4) \D'^g{t)\<C{l + \t\)-'^ Vtem. y£e{Q,...,J}. 

We denote by ||(7||Mih(,/) the infimum of all constants C for which (|5.4p holds. 

Lemma 5.4. Suppose that k is a nonnegative integer, and that K is an even 
tempered distribution on R such that ||Mih(fe+2) is finite. The following hold: 
(i) for each (. in {0, . . . , fc} the function tO^K is in L°°(R), and there exists a 



constant C such that 

^ ^' |Mih(fc+2) 



to' A' I loo < C !| AlMih(fc+2) V£ e {0, . . . , fc}; 



(ii) if k > 1 and the support of K is contained in [—1,1], then K = X^iLo*^*' 
where the functions 5*^ : R — > C are defined by 

(5.5) 

POO 

So{\) = {u)p„ * K){X) + cj,k / K{t) O^ioipot) 0'=-Vfe+i/2(A<) dt 

for suitable constants Cj_k, and, for i in {1, . . . , d} , 

(5.6) S,{X) = ^ /°° r'{t)Pk+i{0)K{t)Jk+,/2{Xt)dt; 

(iii) if the support of K is contained in [—1, 1], then there exists a constant C 
such that 

ll'S'olloo < C ||A'||Mih(2)- 

Proof. First wc prove (i) in the case where fc = 0. Since K satisfies a Mihlin 
condition of order 2 at infinity, D^K is in i^(R) (see (|5.4p ). and we may define 
F : R ^ C by 

/OO 
D^k{c) dc. 
-OO 

By elementary Fourier analysis tK{t) = —t^^ Observe that F{0) — 0, because 

F(0) = lim / D^K{C) dC 

= 2 lim DKiA) 

= 0, 

where we have used the fact that K is even and DK vanishes at infinity, because 
l|Ar||Mih(2) is finite. Furthermore 

F{t) - F{t) - ^^(0) 

D^K{C) (e*';* - 1) dC. 
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Suppose that t is positive. Then we write the last integral as the sum of the 
integrals over the sets {C G K : |CI ^ 1/^} a-nd {C G K : |C| > ^/t}, and estimate 
them separately. 

To treat the first we integrate by parts, and obtain 

D'KiO (e*'^*-l)dC 



'ICI<i/t 

= DK{l/t) {e - f ) - DK{-l/t) {c-' -l)-it 



ICI<i/t 



DK{C) dC 



Since DK is odd, its integral over [—l/t,l/t] vanishes, so that the last integral may 
be rewritten as 



Hence 



"'lCI<i/t 
D^KiC) (e<* - l)dC 



ICI<i/t 

<C\\K\UH2)\t\ Vie 
To estimate the second, write 



ICI<i/t 



|cM'(C)|dC 



/ i?2^(C)(e<*-l)dC <C||X||Mih(2) / TXT?^^ 
J\C\>i/t J\c\>i/t -L + 



Mih(2) 



ici>i/t 1 + 
t\ yt e M+. 



Finally, since K is even. 



iitifiu<supM 

teR |t| 



< C ||-?^||Mih(2), 

as required to conclude the proof of (i) in the case where fc = 0. 

Next we assume that fc > 1. By the case fc = applied to O^K, we see that 

IliO'/^lloo <C||0^||Mih(2). 

Since O^K — X]j=o '^j-^ O'^ K for suitable constants aj^^. 



llMih(2) 

3=0 

< C ||-f^||Mih(2+«), 

which is clearly dominated by C ||/'ir||Mih(fc+2)i as required to conclude the proof 
of (i). 
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Now we prove (ii). Suppose that e is in (0,1). Clearly K{\) is the limit of 
{Q'^ K){X) as e tends to 0. By Fourier inversion formula and Lemma l5.ll 

1 

(w^ K){X) = — We * K{t) cos(At) dt 



2tt 
1 

2^ 



We write the right-hand side as J2i=o Si{X; e), where 

(5.7) 5o(A;e) = -^ H oj^^it) Pk+i{0){oj, * K){t) Jk+./^iXt) dt VA £ R, 
and, for each i in {1, . . . , d}, 

5,(A;£) = -^ / ,/)'"(i)Pfc+i(0)(c^. *if)(0J'fc+i/2(At)dt VAeR. 
Observe that 

^o(A;£) = — / (u;,*if)(0 F;.+i(0)*(c.''" JfcV/2)(0d<. 
Note that Pfc+i(C)*(t^''" Jk+1/2) written as 

k 
3 = 1 

for suitable constants c^ j., and that Pfc4.i(C')*(Jj?Yi/2)(*) = cos(iA), by Remark 
[Ql Hence 
5o(A;e) 

= [Sp„ * (S^ ]?)] (A) + c,,k / {lu, * K){t) [O^i^Y^it) {O"-^ Jk+i/2)Ht) di. 
j=i J-°o 

Note that for each positive integer j the function O^uj vanishes in [—1/4, 1/4], and 
that the restriction of K to [—1/4, 1/4]"^ is a bounded function by (i) (with fc = 0). 
Then it is straightforward to check that 5o(A;£r) tends to S'o(A) for all A in R. 

To prove that Si{X; e) tends to Si{X) for all A in R and alH in {1, . . . , d}, observe 
that 

where (•, •) denotes the duality between test functions and distributions on R. Now 
we let e tend to and obtain 

27r5,(A;e) ^ (Pfc+i(O)*(0''' 

By (i) the distribution Pk+i {0)K is a bounded function on the support of (j)''^ , so 
that the right hand side is exactly 2n Si (A) , thereby concluding the proof of (ii) . 
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Finally, to prove (iii), observe that 

\SoiX)\<\{Q,,.K)i\)\ + Cj2 r \K{t)\\{0^u:r{t)\dt 

^ poo 

<c\\K\\^ + c\\tK\\^Yl / i^r'i(c^''^rwidi 

< C||i^||Mih(2) VAeR, 
as required. We have used (i) (with fc = 0) in the second inequality above. □ 

5.2. A remark on the wave propagator. We shall need to prove that certain 
operators map i/^-atoms into H^{M). In particular, we need to show that the 
image of an atom a has integral 0. 



Notation. For notational convenience, we denote by I?i the operator ^/ C — b + 
{k is defined in the Basic assumptions 13.1) ). 

Suppose that T is an operator bounded on L^{M). We denote by kj- its Schwartz 
kernel (with respect to the Riemannian density fi). 

Proposition 5.5. Suppose that v is in [— l/2,oo), that w is in L^(W), and that a 
is a H^-atom. Define the operator yV^(I?) on L'^{M) spectrally by 

/oo 
w{t)J,{tV)fdt VfeL\M). 
-OO 

The following hold: 

(i) /^,W.(I?)adM = 0; 

(ii) 5'o(2?)a d/Lt = (Sq is defined in id. 5]) ). 

The same conclusions hold if we replace the operator V by the operator 2?i . 

Proof. We observe preliminarly that if a is a i7^-atom, then 
(5.8) / cos{tV)ad^l = Vt G R+. 

Indeed, cos(t2?)a is in L'^{M), because cos(tI?) is bounded on L'^{M), and is sup- 
ported in a ball of radius t + rs, where B is any ball that contains the support of 
a. Therefore, cos{t'D)a is in L^{M), and 

/ cos{t'D)adfi — lim / 1b(cb n) cos{t'D)ad^. 

Now, the last integral is the inner product (^cos{t'D)a,lB{cB.N)) in and 
is equal to [a,cos{t'D)lB{cB.N)) , because cos{t'D) is self adjoint. Observe that 
cos{t'D)lB(cB,N) is equal to cosh(\/5i) on B{cb,N — t), because both functions 
are solutions of the wave equation d^u + Cu = bu in B{cb, N) x (0, oo) and satisfy 
the same initial conditions u(x, 0) ~ 1, dtu{x,Q) = in B{cb,N). Hence, they 
coincide in {{x, t) : d{x, cb) < N — t}, by standard energy estimates. If is so big 
that B(cb, N — t) contains the support of a, then 



(a,cos(t'D)lB(cB,N)) ^ cosh{Vbt) j ad^ — 0, 

and (l5?8t follows. 



M 
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A straightforward consequence of (|5.8p is that for any v in (— 1/2,(X)) and for 
every 77^-atom a 

(5.9) / Jy(tV)aA[i = ^ VieM+. 

Jm 

f (l-s2)z^-i/2 coa{sW)ads, 
Jo 



I M 

Indeed, 

and the required conclusion fohows from Fubini's Theorem. It is straightforward 
to check that similar considerations apply to the operator Vi , so that for each v in 
[-1/2, c») 



Jm 



To prove (i) we just observe that 



Wu{'D)adfi^ / d^ / w{t)J^{W)adt 
M Jm 



dtw{t) / J^{W)adfi^O, 
} Jm 

where the change of the order of integration is justified by Fubini's theorem. 

Next we prove (ii). By (|5.5p . the function So{'D)a may be written as the sum of 

^' />oo 

{Qp,*K){V)a and ^c,,fc / K{t)0'uj{pot)0''-' Jk+i/2{W)adt, 

where ii' is a compactly supported distribution on R such that K is bounded and 
tK is in L°°(R). It is a straightforward consequence of (i) that the integral of 
each summand of the sum above is equal to 0. Thus, to prove that the integral 
of So{'D)a is 0, it suffices to show that the integral of (tDp^ * K){T>)a makes sense 
and is equal to 0. Since K is bounded, K tends pointwise and boundedly to 
as e tends to 0. Then tDp^ * (w'^ K) tends pointwise and boundedly to * K 
as £ tends to by the Lebesgue dominated convergence theorem. Therefore the 
operator ajp^ * (w^ K){T>) tends to the operator Wp^ * K{'D) in the strong operator 
topology of L?{M). Consequently Ljp„ * [uo^ K){'D)a tends to ojp„ * KiV)a in L'^{M) 
as £ tends to 0. 

Suppose that the support of a is contained in the ball B. Since the function 

ojP'' [lj^ * K) is in L^{M.), 

fwp„ * (w'^A')] {V)a = — / ujP"{t) (lD. * K){t) coa{W)adt. 
27r 

Since the support of ujP" {lj^ * K) is contained in [—1,1], all the functions [wp^ * 
{uj^K)\iV)a are supported in the ball B{cB,rB + 1) by finite propagation speed, 
and 

u)p„ * {uj^K)]{V)adfi = 

M ^ 
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by (i). Thus, the function Qp^ * K(T>)a is also supported in B{cb,tb + !)■ Hence 
* [uj^ K){T>)a tends to * K{T>)a in L^(M) as e tends to 0, so that 

(Opo * K){'D)adfi = lim / Op^ * (o;^ K){'D)adfi — 0, 

/A/ ^^"Jm 

as required to conclude the proof of (ii). □ 

Remark 5.6. Note that for every i/ in [— l/2,oo) the function A i-^ Ju{t^) is even 
and of entire of exponential type i, so that kernel (jd) of the operator J^{t'D) 
is supported in the set {{x,y) € M x M : d{x,y) < t} by the finite propagation 
speed. A similar remark applies to the kernel of the operator J'^{t'Di). 

5.3. Economical decomposition of atoms. The following lemma produces an 
economical decomposition of atoms supported in "big" balls as finite linear com- 
bination of atoms supported in balls of radius at most 1, and is key to prove 
Theorem 13.41 below. The idea is "to transport charges along geodesies" . 

Lemma 5.7. There exists a constant C such that for every H^-atom a supported 
in a ball B of radius > 1 

IkllHi < CrB, 

where ||a||/ji is the atomic norm in H^{M) associated to the scale 1. 

Proof. Denote by 6 a 1/3-discretisation of M, i.e. a set of points in M that is 
maximal with respect to the property 

mm{d{z,w) : z,w e 6,z ^ w} > 1/3, and d{G,x)<l/3 V.t G Af . 

The family {B{z, 1) : z € 6} is a covering of M which is uniformly locally finite, by 
the uniform ball size and the locally doubling properties. By the same token, the 
set B n © is finite and has at most N points zi, . . . , zn, with N < C pi{B), where 
C is a constant which does not depend on B. Denote by Bj the ball with centre Zj 
and radius 1, and by {"0^ : j = 1, . . . , N} a partition of unity on B subordinated to 
the covering {Bj : j = 1, . . . , N}. 

Fix j in {1, . . . , N} and denote by zj*, . . . , z^' points on a minimizing geodesic 
joining zj and cb, with the property that Zj = zj, z^^ = cb, and d{zj,z^'^^) 
is approximately equal to 1/3. Note that Nj < ArB- Denote by Bj* the ball 
B{z^, 1/12), for .7 = 1, . . . , iV and /i = 0, . . . , Nj. Then the balls B'^ are disjoint, 
B'^ C Biz'^, 1) n B{z^^+\l) and B^' = B(cb, 1/12). 

Denote by 0^' a nonnegative function in C^{B!j') that has integral 1. By the 
uniform ball size property we may choose the functions (fi'j so that there exists a 
constant A such that 1 1 (/i^ 1 1 2 < A for all h and j . 

Now, denote by a° the function a ipj ■ Clearly 

N N 

Next, define 

a] = a° ~ </.^" [ a° dfi and = (^^'^^ _ ^h-i-^ f ^0 2<h<Nj+l. 



M JM 
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Then, for every h in {I, ... , Nj}, the support of a'- is contained in B{z^ ^, 1), the 



integral of a'' vanishes and 



3 

lla?| 



2<2A f \a°\d^i 

J M 

<C\\a%^,{B,Y'' 
<C\\a%^i{B'^)-'l\ 



In the last two inequalities we have used the fact that for each r in R+ the supremum 
of over all balls B of radius r is finite by the uniform ball size property. Hence 
there exists a constant C, independent of j and h, such that 

(5.10) \\a)\\H^<C\\a%. 

Moreover 

Nj + l 

,0 „/» , ±.Nj 



E4 + </'f / «?dM 



h=l 

Thus 

N Nj + l 

« = E E 4' 

i=i h=i 

because Jj^j a'j dfi = Jj^jadfi = and all the functions (f)^' , j = l,...,Nj 

coincide, for B^^ = B{cb, 1/12). Now we use (|5.10p and the fact that Nj < Ctb, 
and conclude that 

N Nj + 1 

J = l h=l 
N 

<CrBY.\\a%. 

Then we use Schwarz's inequality and the fact that N < C/i(i?), and obtain that 

N ^ ,2 

\\a\\H^<CrsN'/' {Y^h^') 

<CrBfi{B)'^^\\a\\2 
<CrB. 

The last inequality follows because a is a iJ^-atom supported in the ball B. 

This completes the proof of the lemma. □ 

5.4. Proof of Theorem 13.41 For the reader's convenience, we recall one of the 
properties of functions in H"^(Sw] J) (see Definition 13. 3p . which will be key in the 
proof of Theorem 13.41 

Lemma 5.8 ( |HMM1 Lemma 5.4]). Suppose that J is an integer > 2, and that W 
is in M+ . Then there exists a positive constant C such that for every function f in 
H°°{Sw\ J) , and for every positive integer h < J — 2 

|0'7(i)| < C||/||s„,j K|"-^e-^l*l yt e M \ {0}. 
We restate Theorem 13.41 for the reader's convenience. 
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Theorem. 3.5 Assume that a and f3 are as in il.l]) . and 6 as in IS. Denote by N 
the integer [n/ 2+1]+!. Suppose that J is an integer > max 
Then there exists a constant C such that 

\\m{V)\U^ <C||m||s,;,7 Vmei7-(S^;J). 

Proof. For notational convenience, in this proof we shall write J instead of J^n~i/2- 

Step I: reduction of the problem. We claim that it suffices to prove that for each 
if^-atom a the function m{T>) a may be written as the sum of atoms with supports 
contained in balls of Bi, with £^ norm of the coefficients controlled by C ||m||s^;j- 

Indeed, by arguing as in |MSV| Thm 4.1], we may then show that m(I?) extends 
to a bounded operator from H^{M) to L^{M), with norm dominated by C ||m||s^;j- 
Note that |MSV| Thm 4.1] is stated for spaces of homogeneous type. However, its 
proof extends to the present setting. Now, suppose that / is a function in H^{M) 
and that / = aj is an atomic decomposition of / with > \ \ " ^• 

Then m{'D)f = J^j 'ni{'D)aj, where the series is convergent in L^{M)^ because 
m{V) extends to a bounded operator from H^{M) to L^{M). But the partial sums 
of the series m{V)aj is a Cauchy sequence in H^{M), hence the series is 

convergent in H^{M), and the sum must be the function m{T>)f . Then 

||m(2?)/||Hi <^|A,|||m(2?)a,||Hi 
<C ||m||s,;,7^|A,| 

3 

<C \\my,;j{\\f\\m+e), 

and the required conclusion follows by taking the infimum of both sides with respect 
to all admissible decompositions of /. 

Step II: splitting of the operator. Let lo be the cut-ofl: function defined in Section 
3. Clearly u) *m and m — Lo * m are bounded functions. Define the operators S and 
T spectrally by 

S = {uj ■¥ m){T>) and T = {m — uj * m){T)). 

Then m{T>) ~ S + T. We analyse the operators S and T in Step III and Step IV 
respectively. 

Suppose that a is a i/^-atom supported in B(ji, R) for some p in M and R < 1. 

Step III: analysis of S. In the following, we shall need to estimate the L'^{M) 
norm of the differential of the kernel of certain operators related to S. To this end, 
and to be able to apply jMMVH Proposition 2.2 (iii)], we write the operator S as 
a function of the operator T>i, rather than of T>. Recall that 2?i = s/V^ + k'^. 

Since a; * m is an even entire function of exponential type 1, the function S, 
defined by 

5(C) = (w*m)(VC'-«') VCeC, 

is well defined, and is of exponential type 1. Hence its Fourier transform has support 
in [—1, 1]. It is straightforward to check that 



S^S{V,), 
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and that 

ll'S'||Mih(,/) < C\\u]*m\\Mih{j), 
where the constant C docs not depend on m. By arguing much as in the proof of 
|HMM| Proposition 5.3], we may show that ||w * m||Mih(j) < ^1177111^1111(7)5 where 
C is independent of m. Clearly 

l|m||Mih(,/) < l|m||s,;j Vmei/°°(S^;J). 
Hence there exists a constant C such that 

(5.11) ll^llMih(j) <C||m||s,;j VmG i/°°(S^; J). 



Define the functions Si as in (|5.5p and (|5.6|) . but with — 1 in place of k and 
the Fourier transform of S in place of K. We further decompose S as X^iLo 
where d is as in (|5.3p . The function 5*0 is bounded by Lemma [5^ (iii). hence So(I'i) 
is bounded on L^(M) by the spectral theorem, and 

III 5o (Pi) III 2 < ||5o|loo < C||5|lMih(2) < C||7Ti||s,;J. 

Observe that the support of the kernel of the operator S'i(X'i) is contained in {(x, y) : 
d{x,y) < 4'+^i?} by the finite propagation speed. Thus the support of Si{Vi)a is 
contained in the ball with centre p and radius (4*+^ + l)i?, which henceforth we 
denote by -B,. In particular S'o(I'i)a is supported in _Bo = B{p, 5i?), and 

||5o(I?i)a||2 < C \\So{V^)\\2 hh < CR-''/^ ||m||s,;j. 

Furthermore, the integral of S'o(2?i)a vanishes by Proposition 15.51 (ii), so that 
S'o(I'i) a is a constant multiple of a iJ^-atom. 

Denote by ks^{T>i) the integral kernel of the operator Si{'Di). Observe that 

Si{Vi)a{x) = / a{y)[ks^(T>i){x,y) ~ ks,(T>i){x,p)\A^i{y). 

JB{p,R) 

By Minkowski's integral inequality and the fact that the support of Si(T>i) a is 
contained in Bi, we have that 

|15,(2?i)a|l2 = ||5,;(I?i)a||L2(B,) 

< / \a{y)\I,{y)dti{y), 

J B(p,R) 

where 

h{y) = ||fcs,(x)i)(-,y) - fcs,(i?i)(-,p)||L2(B,) Vy e B{p,R). 

To estimate Ii{y), we observe that 

h{y)<d{y,p) sup ||d2fc5.^(i5i)(-,z)|| 2 , 

and, by Lemma (ii) (with k ~ N ~ 1), 

d2ks^(v,){;z) ^j- J r'{t)PN{0)S{t) d2fcj(,p^)(.,z)dt. 

Recah that 0''' is supported in ^ {t e R : A'~^R < \t\ < A'+^R}, that the 
support of S is contained in [—1,1] and that d{p,y) < R. Then, by [MMVH 
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Proposition 2.2 (ii)] (with J in place of F), there exists a constant C, independent 
of i and i?, such that 

/>oo 

dt 



/z(2/)<C%,p) / 0''-(i)|PivO)5(i)| sup ||d2fc:,(tp,)(-,z)||^,,^.. 



<C\\tPE{0)S\UR [ \t\-"/^-^dt 

JEi 

<C||m||s,;ji?(4'i?)-"/2-^ 

Thus, 

\\S,mah<C\\mU,,j^-'{^R)-'^\\ah 



<C ||m||s,;,/4-V(i?,) 



-1/2 



Furthermore the integral of Si{T>i)a vanishes by Proposition 15.51 (i), so that the 
function 4* Si{T>i) a is a constant multiple of a i/^-atom. Thus 

oo 

\\Sa\\H^ <C\\m\\s,.jY.^'' 

4=0 

<C|lm||s,;j. 

Step IV: analysis of T ■ For each j in {1, 2, 3, . . .}, define ujj by the formula 
(5.12) ujj{t) =uj{t- j)+uj{t+ j) VteR. 

Observe that Wj = 1 — w and that the support of ujj is contained in the set 

of ah t in M such that j - 3/4 < |i| < j + 3/4. 

Since m is in H°°(Sj3] j) and J > N + 2, the function rri and its derivatives up 
to the order N arc rapidly decreasing at infinity by Lemma 15.81 so that 0^{ujj fh) 
is in Li(R) n Co(M+) for aU ^ in {0, . . . , A^}, and so docs PN{0){ijjj m). In the rest 
of this proof, we write flj^N instead of PN{0){ujj fh). Observe that the support of 
is contained in e M : j - 3/4 < \t\ <j + 3/4}. 

Define the function Tj : M ^ C by 



(5.13) Tj{\)^ nj^Nit)JitX)dt VAeK. 

J —oo 

We may use the observation that (m — u * m)^ = X^j^i '^j ^ ^^^^ formula (j5.2p . 
and write 

(m — S * rn){\) = — / (l — oj{t)) fh{t) cos(tA) At 

OO 

Then, by the spectral theorem, 

oo 

Ta = Y,Tj{V)a. 

By the asymptotics of Jn-i/2 E formula (5.11.6), p. 122] 

sup|(l + .s)^ J(.s)| < oo. 

s>0 
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Since iV- 1/2 > (n + 1)/2, we may apply jMMVl| Proposition 2.2 (i)] and conclude 
that 

\\J{W)a\\2 < ||a||i|||^(tl?)|||^.2 

< sup ||fc^(ti5)(-,y)|L 

yeM 

< C ^ Vt e R \ {0}. 

Then J{t'D)a is supported in B{p,t + R), and has integral by Proposition [5?5] (i). 
Observe that 



/oo 
\n,,Nit)\\\Jiw)c 
-oo 



ahdt 

— OO 

i+3/4 



(5.14) <C / |r!,,jvWI|tr"/'(l + |t|)"^' 'dt 

J3-3/4 



<C\\m\\s,;j j^'-'-'e-^^ Vje{l,2,...}. 

In the last inequality we have used Lemma [5.81 and |MMVH Proposition 2.2 (i)]. 
Note that jS+J-N-a/2 T.j{T>)a is a constant multiple of a i/^-atom. Indeed, Tj{V)a 
is a function in L'^{M) with support contained in B(j),j + 1), and has integral by 
Proposition [53] (i)- Moreover 

\\f+''-^-/^T,{V)ah <C\\7n\\s,.j j-^/^c"^^' 

< C \\m\\s,r,j l^{B{p,j + 1))-'/' Vj e {1, 2, . . .}. 

Hence we may write 

00 

where is a iJ^-atom supported in B(^p,j + l), and 
By Lemma [5771 we have ||aj||//i < Cj, so that 

oo 

\\Ta\\Hi <Y, l^jNI 



which is finite (and independent of a) because J>2 + N + a/2 — S. 

Step V: conclusion. By Step III and Step IV there exists a constant C such that 
for every iJ^-atom a with support contained in a ball of radius at most 1 

ll^ajl^i + IITall^i < C||m||s^;j. 

Then Step II implies that 

\\m{V)a\\Hi <C||m||s,;j. 
The required conclusion follows from Step I. □ 
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